In this paper, we will use the queuing theory model developed in Boucher and CouturePiché (2014), which was used to estimate the number of insured cars on an insurance contract, to model the number of insured households in an insurance portfolio. This new model includes households already insured, as well as new households that could be added to the portfolio.
Introduction
In this paper, we will generalize the queuing theory model developed in Boucher and CouturePiché (2014) (subsequently called the BCP model) that estimates the number of insured cars on an insurance contract. An important novelty of this paper is the inclusion of a new household's arrival process. Because this new model includes already insured households as well as new households that could be added into the portfolio, the proposed approach allows us to determine not only the customer lifetime value (see Guillén et al. (2012) , Guelman et al. (2014) or Guelman et al. (2015) ), but also the global value of the insurance portfolio of an insurer by using the customer equity concept (Rust et al., 2004) .
We propose to model the number of insured households by using (1) the arrival process of new households, (2) a contract cancellation process and (3) a contract renewal process. For the number of insured cars per household, the model uses (4) a process that models the addition of a car to the contract and (5) another process that models the removal of an insured's car from the contract. Because mathematical models are substantially similar, the models of the number of cars per household and the number of households in the insurance portfolio will easily be nested to form a complete model that emulates the total number of insured cars for an insurance company.
We are interested in probability generating functions (PGF) which is an effective way to obtain all the required information in a simple equation. Thus, in Section 2, the PGF of the number of insured households will be built. In Section 3, the PGF of the total number of insured cars will be developed. Subsequently, in Section 4, the parameters required for models will be estimated under the specific assumptions of our new model. Then, using these estimated parameters, interesting and useful statistics will be calculated in Section 5, which include the number of insured cars for future time , as well as the present value of future profits. Section 6 concludes the paper.
Definition of Terms
The term household is used to designate a single customer, or an insured. This household can include several members (or drivers) and several cars grouped under one annual insurance contract, which can be renewed each year. The contract represents the document that binds the insurer with the insured household. Finally, the expression portfolio is used to designate all the contracts of a single insurer.
In this paper, we focus on the number of insured households in an insurer's portfolio, and on the number of cars that the contract covers and that are owned by the same household. By extension, cars that are added or removed from the insurance contracts are also analyzed. Finally, at any time during the insurance coverage, a household can decide to cancel its contract, meaning that all the insured cars are also canceled. We call this event a breach of contract or a cancellation.
Data Used and Empirical Analysis
Our model will be built from observations in our database. We base our research on empirical analyses that come from a Canadian car insurance database, which is the same as the one used in the illustration in the BCP model. This database contains general insurance information on each of We note that depending on the calendar date, the arrival rate varies greatly and displays an apparent seasonality. The arrival of new contracts occurs more in summer than in winter. It should be noted that the number of cars insured when taking out a new contract is never equal to 0, which will require some adjustments to the equations used in the BCP model.
Number of Insured Households
In this section, we introduce how queuing theory, based on Newell(1982) , can be used to model the number of insured households. By introducing how Boucher and Couture-Piché (2014) used the queuing model to predict the number of insured cars, we introduce the Poisson process from which we add the death component to model the departures of the system. Fewer details will be given in this part of the paper because the results only require a basic knowledge of queuing theory.
Moreover, some results have already been introduced with the BCP model. This introduction to queuing theory allows us to explain some tools that will be used in complex models.
General Characteristic of the Model
Let ( ) be a random variable representing the number of elements in a queuing system at time . In our case, it will first represent the number of insured households in the insurer's portfolio, while it will model the number of insured cars for a specific household in Section 3. In a pure birth process also called the Poisson process, there is only one component of arrival, defined by a parameter . It can be shown that the probability function of the number of elements in the system can be expressed as:
where can be considered as the rate of arrival of new elements in the system. This distribution represents the classic Poisson distribution.
To obtain a more realistic model, we add a constant service component (which can also be called a death component) to the pure birth process. The resulting model is denoted / /∞. The first of the acronym, which means "Markov", denotes the exponential distribution of the time between the arrival of each new element. Because each element leaves the system after a certain period of time that also follows an exponential distribution, a second is used in the acronym. Finally, the last symbol ∞ means that the departure process of each element can begin before the end of the departure process of another element.
It is possible to add flexibility to the / /∞ model by generalizing the component service process. Such a generalization means that the second of the acronym should be replaced by a (meaning general distribution). The proposed generalization allows us to incorporate a departure rate that can change over time. We refer the reader to the details of the BCP model, where it is
shown that the probability function of this model can be expressed as:
from which we recognize a Poisson distribution with parameters . The parameter again represents the rate of arrival of new elements in the system, while the parameter has to be interpreted as a survival probability, and can be defined as:
where (⋅) is any survival function of the service time.
The modeling of the number of insured households is complex because we have to consider two different kinds of households. We then separating the modeling of the number of household into two components:
1. New insureds that incorporate the portfolio, insureds which will call new households;
2. Insureds already in the portfolio when the portfolio is analyzed which will be called old households.
New Households
Let us first note ( ), the random variable representing the number of new households that are still in the insurer's portfolio at time . We suppose that this random variable follows a / /∞ process. Because, by definition, with (0) = 0, meaning that there are no new households in the portfolio at time 0, we are able to use some of the results of the BCP model, such as the equation (2.2). We will then generalize the departure rate by adding a shock at the renewal time. Indeed, the probability that an insured household leaves the insurer's portfolio is higher at the renewal date.
To include a shock of departure that happens at each renewal anniversary, we use the following function:
where represents the probability of renewal of the insurance contract and ⌊ ⌋ is a floor function that allows the paramter to affect the survival function at each renewal of the contract. Thus, we have:
Thus, it can be shown that the PGF of this ( ) is:
which is the PGF of a Poisson distribution (see Gross et al. 2008) .
Note that although the data shown in Figure 1 .1 seem to exhibit seasonality, we assume in this paper that the arrivals of new households in the portfolio will be modeled by a Poisson process with fixed parameter . This assumption allows us to suppose that the number of insured households at time will follow a simple / /∞ process, from which the resulting generating function is already known.
Old Households
We now define by ℛ( ) the number of households that were initially present in the portfolio when the portfolio was analyzed, and that are still in the portfolio at time . As opposed to ( ), the random variable ℛ( ) is not equal to 0 at time 0. We will note 0 = ℛ(0) the initial number of insured households. This random variable is only concerned with the departure process because arrivals of new households are modeled by ( ). Consequently, the process is only a function of the rate of renewal of the contract (modeled by the parameter ), and a function of the cancellation rate (modeled by the parameter ).
To model the number of old households, we will need to define a new random variable. We thus note by ℳ ( ), a random variable that indicates whether the household is still insured at time .
In which case ℳ ( ) = 1. Consequently, it is possible to use the equation
model the number of old households still insured at time . The random variable ℳ( ) is a Bernoulli random variable and has the following PGF:
where represents the probability of renewal of the insurance contract and ⌊ + ⌋ is the same floor function as equation (2.3), which allows the paramter to affect the survival function at each renewal of the contract. We included a new constant in the model. This constant allows each household to be placed at the correct time for their survival function. For example, a household that is analyzed when its contract will renew in three months will have = 9/12, while another household with = 1/12 will have its renewal date in 11 months.
All Households
We define by ( ) the total number of insured households at time , i.e. the number of old households and the number of new households still insured at time , or ( ) = ( ) + ℛ( ).
Because these two random variables are independent, we have the relation
, from which we get the generating function of ( ):
This PGF of ( ) will be used in the next section of the paper to model the number of insured cars.
Total Number of Insured Cars
In Boucher and Couture-Piché (2014), the authors assumed an average profit per car insured. This assumption allowed them to calculate a value for each client. To make a similar calculation which will give a value to the entire portfolio of an insurer, it is then necessary to estimate the total number of insured cars in the portfolio.
To construct this model, we use a combination of the model used for the number of households, and the BCP model for the number of insured cars per household. By using ( ), the number of insured households, the total number of insured cars ( ) can be calculated using the equation:
where ( ) is the number of insured cars at time for household . We suppose that ( ) = 0
Before proceeding to the development of the model, it is important to understand what the time,
represented by the parameter , represents. As opposed to the BCP model where each insured has its own time variable , in this new model, the time should be seen as the calendar time, and is therefore shared by all households. We assume = 0 is the time when the insurance portfolio is analyzed. Thus, the process ( ) depends on the calendar time and not the age of the contract.
The number of cars ( ) of the household therefore changes over time , even if this household is not even insured by the insurer that we are currently analyzing.
Once again, the total number of insured cars that come from already-insured households ( ( )) and the total number of insured cars that come from new households ( ( )) will be analyzed separately. This will allow us to treat the problem specifically for each case.
New Households
To model ( ), the number of insured cars owned by new households, we will use the following equation:
where the variable ( ) follows a / /∞ process.
As previously defined in Section 2.3, ( ) is the random variable that represents the number of new households that are still in the insurer's portfolio at time . The random variable ( ) is a / /∞ process that assumes no initial insured household. The PGF of ( ) is expressed by the equation (2.5) . By the properties of the PGF, we can develop the equation:
We see that this FGP requires us to give a value to , the number of insured cars at the time the insurance portfolio was analyzed. For old households, the initial number of insured cars, (0) = , was always considered to be known, and this information was available in the database analyzed.
In the case of a new household, we must make an assumption about the distribution of the number of insured cars at arrival.
One possible solution is to set a fixed value for , but it is clear that the number of cars per household at time = 0 is not the same for everyone. Another way to determine the number of insured cars per household is to take the stationary distribution of ( ), i.e. the distribution of ( ) when → ∞. The resulting PGF in this case is simply:
which corresponds to the PGF of a Poisson distribution with parameter . Thus, one might assume that the number of insured cars of a new household follows such a distribution. This choice for the distribution of the number of insured cars is advantageous in that it simplifies the equations of the model because it is a distribution that is not a function of the calendar time .
A problem caused by the use of the Poisson distribution is that it becomes possible for a household to ask for a new insurance contract without having a car to insure. To address this problem, we change the support of the random variable that models the number of cars per household by supposing that it cannot be less than one. This suggests a transformation where we add 1 to a random variable that follows a Poisson distribution. Consequently, the number of cars per household ( ) is equal to:
where * ( ) ∼ Poisson( / ). For this transformation, however, it is important to note that the interpretation of the parameter changes slightly. Consequently, we obtain the following FGP for the new random variable ( ): 5) which means that we have:
Old Households
For all 0 households that are already insured, we can base our modeling on the random variable ℳ ( ), already explained in Section 2.2, which indicates whether the household is still insured at time . With ℋ ( ), which represents the number of insured cars insured for household , we have the following relationship:
where the variable ( ) will be the same as the one used for the new households, and expressed by the relation (3.4). The th household will have its number of insured cars modeled by the random variable ℋ ( ), which contains the initial number of insured cars, and the time constant previously introduced. Thus, we find the following equation, by generating composition functions:
where we can observe a change due to the relation (0) = , which implies * (0) = − 1.
To model ( ), the number of insured cars by old households, we then have:
which corresponds to the sum of all insured cars owned by the 0 old households that are still insured at time . By using all the PGF, we have:
which expresses the PGF of ( ).
All Households
To model the total number of insured vehicles coming from new and old households, we have to find the PGF of the following random variable:
The PGF for the all households of the portfolio can be expressed as:
where information from household is used through and .
Inference
The PGF expressed in equation (3.9) uses several parameters that we can estimate using real insurance data. Indeed, we have to estimate , the rate of arrival of new households in the portfolio, the rate of departure of households from the portfolio, the probability of annual contract renewal, the rate of arrival of new cars on a contract and finally the rate of departure of cars from the contract. To estimate the parameters, we will perform similar operations to the ones done with the BCP model, with the major difference that the current inference step is for only one calendar time, while the previous inference procedures assumed different timelines for each insured.
Notations
To estimate all parameters of the new model, a list of variables that are to be used in the likelihood function must be presented. All events observed during the life of an insurance policy will be noted as:
1. , the number of insured cars that were added to the insurance contract, excluding the cars already insured at the beginning of the first contract;
2. , a binary variable that takes a value of 1 if all the cars on an insurance policy are canceled at the policy anniversary date. In other words, = 1 if there is no contract renewal;
3. , a binary variable that takes a value of 1 if the household has broken its contract at a time other than the anniversary of the policy. In other words, = 1 if there is a contract cancellation;
4. , the number of times the removal of a car from the insurance contract was observed;
Thus, the total number of events, noted , is equal to the sum of all the previous elements, such as = + + + . Other useful statistics from the database are also noted as:
• , the number of years the household was insured;
• , a variable that counts the number of cars immediately before the th event;
• * , the sum of the covered insurance time of all vehicles from household . Note that because we use the transformation * ( ) = ( ) − 1, we have = * − ;
• , the total number of households in the database;
• , the total number of new households.
We also propose notations for all the variables specifying a time information about the insurance contract:
1. , the time of occurrence (in years) of the th event affecting the number of insured cars;
2.˜ the time period (in years) between the ( − 1) th and the th event, where˜ = − −1 ,
3. We define respectively by , Σ, and the random variables that define the time before the occurrence of an event of type , , or ;
4. Finally, there is a random variable defining the time before the arrival of a new household.
Likelihood function
We first note that the time before the arrival of new households has an exponential distribution.
According to the Markov assumption, these arrivals are independent from additions of cars, from removals of cars and from breaches of contract. We can use the properties of exponential distributions to calculate the joint probability that the first event is the addition of a car.
where is the number of insured households and is the total number of insured cars just before event , while ℎ(˜ ) is the total number of contracts renewed during the period˜ . Similarly, we have the following probabilities:
Because all processes involve exponential distribution, the likelihood function can be computed as the product of all events that occur during the time period , such as:
where constants have been removed because they are not useful for maximum likelihood calculation.
We must adapt the likelihood function to introduce the distribution of the number of insured cars that a new household has when it enters the insurance portfolio. As defined by equation (3.3), this distribution is a function of and , meaning that the distribution of the number of cars is:
which we add to the likelihood function (4.1)., which leads to the following likelihood function:
where is the initial number of insured cars for insured .
Note that the addition of the distribution of the initial number of insured cars has the effect of creating a more complex equation for estimating the parameters and . Thus, these two parameters cannot be estimated by an explicit formula. However, maximizing equation (4.3), we find the following estimators for the other parameters: years on average, a new car will be added to the a contract. The value ofˆ means that each car has an average life of 0.2315 −1 = 4.32 years into an insurance contract. It should be noted that the arrival rate of cars is not enough to compensate for the rate of departure of cars sinceˆ <ˆ .
Note also that the annual renewal rate is about 92% and that the probability of cancellation is approximately equal to 9%. The transformation * is also responsible for the small change in the parameter estimatorˆ , whileˆ remains very similar to the estimators of the BCP model. The BCP model assumes an inactive state, while the transition from one insured car to no insured car is now considered as a cancellation of the contract. Thus, it is likely that the parameterˆ is higher than the BCP model.
Covariates
We know that some household profiles are more likely to be insured by a specific insurance company, and are also more or less likely to add or remove cars on their insurance contract. Similarly, we may think that some profiles cancel more than others or that certain types of policyholders have a Covariates selected to define the vector of each household are provided in Table 4 .3. Some of the covariates available in our database refer to calendar date, for example the fact that the effective date of the contract is in July, or the fact that the effective date of the insurance contact is on the first day of a month. We cannot use those covariates because this link with the calendar date would require us to change basic assumptions of our / /∞ model. Thus, three explanatory variables are used, which creates 8 different types of profiles, given that there are three binary explanatory variables (so 2 3 = 8 types of insureds).
A link function ( ) is then associated with each parameter, where is the vector of parameters to be estimated. In our model, the parameters satisfy , , ∈ ℝ + ; consequently a logarithmic Finally, the parameters for each type of insured appear in Table 4 .4. We clearly see that the arrival rate varies greatly depending on the type of household.
Analysis
In this section, applications are presented using the estimated parameters found by regression in the previous section and shown in Table 4 .4. Thus, for example, even if we are working withˆ ,ˆ , ,ˆ orˆ , for simplicity we will suppose that those parameters correspond to , , , and .
We can compute different results using the PGFs found previously in Sections 2 and 3. Like it was done with the BCP model, our first analysis will involve calculating the number of insured cars at time , but this time for the entire portfolio of insureds. We will then discount the future profits generated by future insured cars, which allows us to value the portfolio.
Expected value and variance of the number of insured cars at time
Below we calculate the expected number of insured cars at time . Although it is possible to find this result by deriving the PGF of equation (3.9), the use of the conditional expectation leads to the same result in a simpler way. Starting with the expectation of equation (3.8), we develop:
The variance or the standard deviation can also be computed using a similar method, from which we obtain: 
We computed those values using the knsurer's database, and projected the number of insured cars after 1 year, 5 years and 10 years, as shown in Table 5 .1. We also added a variation of plus or minus the standard deviation, thus showing the potential variability of results.
By taking the limit of the expected value or by using the PGF when → ∞, we could see that the number of expected insured cars converge to a certain value when increases. We would also see that no seasonality is present in the predictions. A model that is closer to reality would have had a rate of new arrivals that is a function of time and would exhibit variations. Unfortunately, as we mentioned earlier, supposing such an arrival rate would mean that some of the Markov properties of the model would be lost, and would have generated more complex equation systems (a / /∞ process).
Even if the expected number of new cars per year is high, we can observe that the standard deviation is low. We can see the expected number of insured cars per year in Figure 5 .1, where the standard deviation on the number of vehicles increases only slightly over time. Our prediction does not include the estimation error, and we think that the addition of this kind of error in the predictions would be more realistic. This element should be analyzed in future research.
The second graph of It may be interesting to analyze whether this behavior is the same for all types of insureds. Table 5 .2 provides an overview of ( ) for = 0 and for → ∞. Figure 5 .2 shows the evolution of the number of insured cars by risk profile.
We can see that the portfolio composition will change significantly over time. Because of substantial changes to certain profiles, we can reasonably think that the rate of arrival of some household's profiles was different in the past compared to what our analysis predicts. Thus, if those insured households are profitable, a marketing analysis could identify what changes to company policy have generated this difference. 
Value of the Insurance Portfolio
The BCP model was used to calculate the lifetime value of each customer of an insurance portfolio and by discounting the future profits of each household by assuming that the insurance company makes a $1 profit for each one-year car exposure. We now apply the same method to all clients who are currently insured, but also to those who will be insured by the insurance company in the future. We then obtain the total present value of the insurance portfolio. This value is sometimes called customer equity (see Rust et al., 2004 for an analysis of the links between this method and customer lifetime value) and can be seen as a measure of the health of the insurance company.
By noting Φ the random variable representing the value of this portfolio, we can find the expected value as follows:
The BCP was used to compute´∞ 0 ( ( )) − . The same computation cannot be used directly in our model. Indeed, some basic assumptions about the model have changed, such as the one that prohibits the possibility of having an insured household without insured cars. Consequently, The second integral of (5.4) is calculated as follows:
Using a value of equal to 0.02, the results of the discounted profits appear in Table 5 .3 for each type of households. We separated the future profit by old households and new households.
From Table 5 .3, we observe that the total value of the insurance portfolio is approximately $ 11.3 millions. Only $ 1.3 million of this value comes from old households, meaning that only a small proportion of actual insureds participate in the long-term profits of the company. Consequently, our analysis can be used to justify that more efforts have to be made to attract new insureds, compared to the efforts made to keep actual insureds.
However, the analysis does not specify what is considered an new insured household. For example, if an insured cancels its current contract, some years later it may want to be covered again by the same insurance company. The database used in our analysis cannot differentiate genuine new households from past clients that simply come back. Consequently, efforts to keep current clients should not be minimized following our analysis.
Conclusion
In this paper, we presented a generalization of the BCP model. Our proposed method models the number of insured households in an insurance company. We based our work on queuing theory models. We assume that the number of insured cars of each insured follows a similar process as the one proposed in the BCP model. However, we also added a new process that models the number of insured households in a portfolio. Because these two mathematical models are similar, models have been easily nested to form a complete model that emulates the total number of insured cars for an insurance company.
The first version of our model allowed households to get a new insurance policy without having a car to insure. This could have been interpreted symbolically, but we instead changed the support of the random variable. This change was beneficial because the distribution of the number of insured cars for each new household was shown to be much closer to empirical observations.
The model proposed in this paper requires five parameters to be used: 4 parameters that are similar to the ones used in the BCP model, and a fifth parameter that corresponds to the arrival rate of new households in the insurance portfolio. The model has been generalized to allow the use of explanatory variables in each of the model parameters. For the arrival rate, however, we used the risk characteristics differently. The parameters calculated were used to generate various key statistics for an insurance company. The concept of customer equity was explored. This allowed us to note that some types of insureds, even if they represent a large proportion of the current insurance portfolio, will represent only a small proportion of future profits of the insurance company. Consequently, an insurer could therefore direct its marketing policies according to the model we proposed.
